Geroch's theorem about the splitting of globally hyperbolic spacetimes is a central result in global Lorentzian Geometry. Nevertheless, this result was obtained at a topological level, and the possibility to obtain a metric (or, at least, smooth) version has been controversial since its publication in 1970. In fact, this problem has remained open until a definitive proof, recently provided by the authors. Our purpose is to summarize the history of the problem, explain the smooth and metric splitting results (including smoothability of time functions in stably causal spacetimes), and sketch the ideas of the solution.
Introduction
Geroch's theorem [13] is a cut result in Lorentzian Geometry which, essentially, establishes the equivalence for a spacetime (M, g) between: (A) global hyperbolicity, i.e., strong causality plus the compactness of J + (p)∩J − (q) for all p, q ∈ M , and (B) the existence of a Cauchy hypersurface S, i.e. S is an achronal subset which is crossed exactly once by any inextendible timelike curve 1 . Even more, the proof is carried out by finding two elements with interest in its own right:
(1) an onto (global) time function t : M → R (i.e. the onto function t is continuous and increases strictly on any causal curve) such that each level t −1 (t 0 ), t 0 ∈ R, is a Cauchy hypersurface and, then, (2) a global topological splitting M ≡ R × S such that each slice {t 0 } × S is a Cauchy hypersurface. Recall also that the existence of a time function t characterizes stably causal spacetimes 1 In particular, S is a topological hypersurface (without boundary), and it is also crossed at some point -perhaps even along a segment-by any lightlike curve.
(those causal spacetimes which remain causal under C 0 perturbations of the metric).
The possibility to smooth these topological results or continuous elements, have remained as an open folk question since its publication. In fact, Sachs and Wu claimed in their survey on General Relativity in 1977 [20, p. 1155]: This is one of the folk theorems of the subject. It is not difficult to prove that every Cauchy surface is in fact a Lipschitzian hypersurface in M [19] . However, to our knowledge, an elegant proof that his Lipschitzian submanifold can be smoothed out [to such an smooth Cauchy hypersurface] is still missing.
Recall that here only the necessity to prove the smoothness of some Cauchy hypersurface S is claimed but, obviously, this would be regarded as a first step towards a fully satisfactory solution of the problem, among the following three:
(i) To ensure the existence of a (smooth) spacelike S (necessarily, such an S will be crossed exactly once by any inextendible causal curve).
(ii) To find not only a time function but also a "temporal" one, i.e., smooth with timelike gradient (even for any stably causal spacetime).
(iii) To prove that any globally hyperbolic spacetime admits a smooth splitting M = R × S with Cauchy hypersurfaces slices {t 0 } × S orthogonal to ∇t (and, thus, with a metric without cross terms between R and S).
Among the concrete applications of (i), recall, for example: (a) Cauchy hypersurfaces are the natural regions to pose (smooth!) initial conditions for hyperbolic equations, as Einstein's ones, or (b) differentiable achronal hypersurfaces (as those with prescribed mean curvature [9] ) can be regarded as differentiable graphs on any smooth Cauchy hypersurface. The smoothness of a time function t claimed in (ii), would yield the possibility to use its gradient, which can be used to split any stably causal spacetime, as in [12] . The applications of the full smooth splitting result (iii) include topics such as Morse Theory for lightlike geodesics [22] , quantization [10] or the possibility to use variational methods [15, Chapter 8] ; it also opens the possibility to strengthen other topological splitting results [16] into smooth ones. Recently, we have given a full solution to these three questions (i)-(iii) [3, 4] . Our purpose in this talk is, first, to summarize the history of the problem and previous attemps (Section 2) as well as the background results (Section 3). In the two following sections, our main results are stated and the ideas of the proofs sketched 2 . Concretely, Section 4 is devoted to the construction of a smooth and spacelike S, following [3] , and Section 5 to the full splitting of globally hyperbolic spacetimes, plus the existence of temporal functions in stably causal ones, following [4] . The reader is referred to the original references [3, 4] for detailed proofs and further discussions.
A brief history of time functions
As far as we know, the history of the smoothing splitting theorem can be summarized as follows.
1. Geroch published his result in 1970 [13] 4. In 1976, Budic and Sachs carried out a smoothing for deterministic spacetimes. One year later Sachs and Wu [20] posed the smoothing problem as a folk topic in General Relativity, in the above quoted paragraph.
5. The prestige and fast propagation of some of the previous references, made even the strongest splitting result be cited as proved in many references, including new influential references or books (for example, [10, 15, 22, 23] ). But this is not the case for most references in pure Lorentzian Geometry, as O'Neill's book [18] (or, for example, [5, 9, 11, 16] 6. In 1988, Dieckmann claimed to prove the "folk question"; nevertheless, he cited Seifert's at the crucial step [7, Proof of Theorem 1]. More precisely, his study (see [8] ) clarified other point in Geroch's proof, concerning the existence of an appropiate finite measure on the manifold. Even though the straightforward way to construct this measure in Hawking-Ellis' book [14, proof of Proposition 6.4.9] is correct, neither these authors nor Geroch considered the necessary abstract properties that such a measure must fulfill (in particular, the measure of the boundaries ∂I + (p) must be 0). Under this approach, on one hand, the admissible measures for the proof of Geroch's theorem are characterized and, on the other, a striking relationship between continuity of volume functions and reflectivity is obtained.
In the 2nd edition of Beem-Ehrlich's book, in collaboration with Easley (1996), these improvements by Dieckmann are stressed, but Geroch's result is regarded as topological, and the reference to Sachs and Wu's claim is maintained [2, p. 65].
In general, continuous functions can be approximated by smooth functions. Thus, a natural way to proceed would be to approximate the continuous time function provided in Geroch's result, by a smooth one. Nevertheless, this intuitive idea has difficulties to be formalized. Thus, our approach has been different. First, we managed to smooth a Cauchy hypersurface [3] and, then, we constructed the full time function with the required properties [4] .
Setup and previous results
Detailed proofs of the fact that the existence of a Cauchy hypersurface implies global hyperbolicity can be found, for example, in [13, 14, 18] . We will be interested in the converse, and then Geroch's results can be summarized in Theorem 3.2, plus Lemma 3.1 and Corollary 3.3.
This lemma is proven by moving S with the flow Φ t of any complete timelike vector field. Thus, the (differentiable) hypersurfaces at constant t ∈ R are not necessarily Cauchy nor even spacelike, except for t = 0. (1) S a := t −1 (a) is a Cauchy hypersurface, for all a ∈ R.
(2) t is strictly increasing on any causal curve.
Function t is constructed as
for a (suitable) finite measure on M and, thus, global hyperbolicity implies just its continuity. Finally, combining both previous results, Corollary 3.3 Let M be a globally hyperbolic spacetime. Then there exists a homeomorphism
which satisfies: (a) Each level hypersurface S t = {z ∈ M : t(z) = t} is a Cauchy hypersurface.
(b) Let γ x : R → M be the curve in M characterized by:
Then the continuous curve γ x is timelike in the following sense: For the smoothing procedure, some properties of Cauchy hypersurfaces will be needed. Concretely, by using a result on intersection theory, the following one can be proven [ 
Smooth spacelike Cauchy hyperfurfaces
In this section, we sketch the proof of:
Theorem 4.6 Any globally hyperbolic spacetime admits a smooth spacelike Cauchy hypersurface S.
(In what follows, "smooth" will mean with the same order of differentiability of the spacetime). From Proposition 3.5, given two Cauchy hypersurfaces S 1 << S 2 as in Theorem 3.2 (with S ti ≡ S i ; t 1 < t 2 ), it is enough to contruct a connected closed spacelike hypersurface S with S 1 << S << S 2 . And, in order to prove this, it suffices: which satisfies:
The gradient of h is timelike and past-pointing on the open subset
In fact, recall that, given such a function h, each s ∈ (0, 1/2) is a regular value of the restriction of h to J − (S 2 ). Thus, S 
that is, C p is a normal starshaped neighborhood of any of its points).
Then there exists a smooth function
The support of h p (i.e., the closure of h −1
and h p (q) = 0 then ∇h p (q) is timelike and past-pointing.
Sketch of proof.
Function h p is taken in a neighbourhood of C p ∩ J − (S 2 ) as:
where d is the time-separation (Lorentzian distance) on C p , and p ′ is a fixed suitably chosen point in the past of p. Now, the second step is carried out by taking advantage directly of the paracompactness of the manifold. Concretely, function h = i h i is obtained by choosing the h i 's from the following lemma, with the W α 's equal to h −1 p (1/2, ∞), and p ∈ S 2 (see [3] and is locally finite (i.e., for each p ∈ ∪ j W j there exists a neighborhood V such that V ∩ W j = ∅ for all j but a finite set of indexes). Moreover, the collection
′ is included in the corresponding C j ) is locally finite too.
Temporal functions and the full splitting
Now, our aim is to sketch the proof of the following theorem. 
Each hypersurface S T at constant T is a Cauchy hypersurface, and the restrictionḡ T ofḡ to such a S T is a Riemannian metric (i.e. S T is spacelike).

The radical ofḡ at each
Essentially, it is enough for the proof to obtain a temporal function T : M → R such that each level hypersurface is Cauchy, see Remark 3.4. The existence of such a T is carried out in three steps.
Step 1: time step functions would solve the problem. Let t ≡ t(z) be a continuous time function as in Geroch's Theorem 3.2. Fixed t − < t ∈ R, we have proven in Section 4 the existence of a smooth Cauchy hypersurface S contained in t −1 (t − , t); this hypersurface is obtained as the regular value of certain function h ≡ h t with timelike gradient on t −1 (t − , t]. As t − approaches t, S can be seen as a smoothing of S t ; nevertheless S always lies in I − (S t ). Now, we claim that the required splitting of the spacetime would be obtained if we could strengthen the requirements on this function h t , ensuring the existence of a time step function τ t around each S t . Essentially such a τ t is a function with timelike gradient on a neighborhood of S t (and 0 outside) with level Cauchy hypersurfaces which cover a rectangular neighbourhood of S t : 2. −1 ≤ τ t ≤ 1.
; that is, the gradient of τ t does not vanish in the rectangular neighborhood of S, t
Sketch of proof.
Consider such a function τ k for k ∈ Z, and define the (locally Step 2: constructing a weakening of a time step function. Lemma 5.11 reduces the problem to the construction of a time step function τ t for each t. We will start by constructing a functionτ t which satisfies all the conditions in that lemma but the last one, which is replaced by:
The idea for the construction of such aτ t is the following. Consider function h in Lemma 4.7 for t 1 = t − 1, t 2 = t. From its explicit construction, it is straightforward to check that h can be also assumed to satisfy: ∇h is timelike and past-pointing on a neighborhood
, we find a function h + : M → R which satisfies:
is timelike and past-pointing. (iii + ) h + > 1/2 (and, thus, its gradient is timelike past-pointing) on J + (S t )∩ U . Even more, a similar reasoning yields a function h − : M → R for this same U which satisfies:
Now, as h + − h − > 0 on all U , we can define:
on U , and constantly equal to 1 on M \U . A simple computation shows that ∇τ t does not vanish wherever either h − ∇h + or h + ∇h − does not vanish (in particular, on S t ) and, then, it fulfills all the required conditions.
Step 3: construction of a true time step function. Now, our aim is to obtain a function τ (≡ τ t ) which satisfies not only the requirements of previousτ ≡τ t but also the stronger condition 4 in Lemma 5.11. Fix any compact subset K ⊂ t −1 ([t − 1, t + 1]). From the construction ofτ , it is easy to check thatτ can be chosen with ∇τ non-vanishing on K. Now, choose a sequence {G j : j ∈ N} of open subsets such that:
and letτ [j] be the corresponding sequence of functions typeτ with gradients non-vanishing on:
Essentially, the required time step function is:
where each A j is chosen to make τ smooth (fixed a locally finite atlas on M , each A j bounds on G j each functionτ [j] and its partial derivatives up to order j in the charts of the atlas which intersect G j ). Then, the gradient of τ is timelike wherever one of the gradients ∇τ [j] does not vanish (in particular, on t −1 ([t − 1, t + 1])). Moreover, τ is equal to constants (which can be rescaled to ±1) on t −1 ((−∞, t − 2]), t −1 ([t + 2, ∞)), as required.
Finally, it is worth pointing out that similar arguments work to find a smooth time function on any spacetime (even non-globally hyperbolic) which admits a continuous time function t.
Theorem 5.12 Any spacetime M which admits a (continuous) time function (i.e., is stably causal) also admits a temporal function T .
Sketch of proof. Notice that each level continuous hypersurface S t is a Cauchy hypersurface in its Cauchy development D(S t ). Moreover, any time step function τ t around S t in D(S t ) can be extended to all M (making τ t equal to 1 on I + (S t ) ∩ (M \D(S)), and to −1 on I + (S t ) ∩ (M \D(S))). Then, sum suitable time step functions as in Step 3 above.
